Abstract. Some general remarks are made about the quantum theory of scalar fields and the definition of momentum in curved space. Special emphasis is given to field theory in anti-de Sitter space, as it represents a maximally symmetric space-time of constant curvature which could arise in the local description of matter interactions in the small regions of space-time. Transform space rules for evaluating Feynman diagrams in Euclidean anti-de Sitter space are initially defined using eigenfunctions based on generalized plane waves. It is shown that, for a general curved space, the rules associated with the vertex are dependent on the type of interaction being considered. A condition for eliminating this dependence is given. It is demonstrated that the vacuum and propagator in conformally flat coordinates in anti-de Sitter space are equivalent to those analytically continued from H 4 and that transform space rules based on these coordinates can be used more readily.
Introduction
Quantum field theory in curved space has been studied for more than twenty years as a preliminary step towards developing a theory of quantum gravity. While it has been assumed that calculations in a classical space-time do not represent a complete quantum theory of matter interacting with the gravitational field, they could be useful in describing the dynamics of particle scattering, as the energy-momentum of any point-particle field induces curvature in the space-time background. Recent considerations in unification of the elementary particle interactions and superstring effective actions suggest that the standard model can be derived from a ten-dimensional theory based on the spinor space T = R ⊗ C ⊗ H ⊗ O and the Clifford algebra R 1,9 [1] [2] and that the higher-order curvature terms representing corrections to the standard Einstein-Hilbert action can arranged in a superYang-Mills theory with bosonic gauge group SO (1, 9) , with the torsion in the connection given by the field strength of the anti-symmetric tensor field [3] . At short distances, the gravitational force might then also be described by the exchange of quanta in this theory.
Consequently, it is consistent to consider matter interactions on a background which is initially selected to be flat but then is curved by energy-momenta associated with the gravitational and matter quanta.
If it is assumed, in particular, that the energy-momenta of the quantum fields curve the space-time and still maintain maximal symmetry, the local geometry will resemble a manifold such as anti-de Sitter space, while the global geometry would remain essentially flat.
Quantum field theory in anti-de Sitter space represents one of the most tractable quantum field theories on a curved manifold, and it has also arisen in the study of gauged supergravity. The techniques of Minkowski space-time quantum field theory shall be adapted to anti-de Sitter space to define appropriate momentum variables and construct Feynman rules, obtain the Lehmann spectral representation of the two-point function, prove the analogue of Goldstone's theorem and investigate the relation between field-theoretic calculations in a local region of space-time with curved geometry and string scattering in a target space with a specified global geometry.
It is shown in this paper how configuration and transform [momentum] space rules can be written for scalar field theory in anti-de Sitter space. In the configuration space rules, factors are obtained for each vertex, propagator, incoming particle and outgoing particle and a symmetry factor may be assigned for each Feynman diagram. Similar rules can be formulated for every vertex, propagator and loop transform variable in transform space, and again, a symmetry factor may be associated with each diagram. The one-loop box diagram for λφ 3 /3! theory is evaluated using these rules.
A general feature of the adaptation of the momentum space rules to curved space is that it is necessary to assign factors associated with each vertex that are dependent on the type of interaction being considered. Independence of the vertex rules with respect to the type of interaction becomes a constraint on the eigenfunctions representing the incoming and outgoing particles. In anti-de Sitter space, it is demonstrated that the maximal symmetry of the space allows for a choice of coordinates in which these constraints may be simplified.
These methods are compared to other perturbation theory techniques and comments are made about the renormalizability of the theory.
Configuration and Dual Space Rules for Scalar Theory in Euclidean Anti-de Sitter Space
Euclidean anti-de Sitter space is the hyperboloid H 
and it can be represented as the coset space SO(4,1)/SO (4) . Using the hyperbolic and spherical angles θ 1 , ..., θ 4 , defined by x 0 = sinh θ 4 sin θ 3 sin θ 2 sin θ 1 x 1 = sinh θ 4 sin θ 3 sin θ 2 cos θ 1 x 2 = sinh θ 4 sin θ 3 cos θ 2
x 3 = sinh θ 4 cos θ 3
x 4 = cosh θ 4 0 ≤ θ 1 < 2π, 0 ≤ θ 2 , θ 3 < π, 0 ≤ θ 4 < ∞
the Laplacian in H 4 is (4) which has the following basis of eigenfunctions [4] 
where P m l (z) and C p m (t) are the associated Legendre functions and Gegenbauer polynomials respectively. From the relations
it follows that the corresponding eigenvalues are (k − 1)(k + 2) + (σ − k + 1)(σ + k + 2) = σ(σ + 3). The normalization factor associated with the eigenfunctions Θ
is
The configuration space rules for scalar field theory can then be given:
1. To each vertex attach a factor −iλ and
N(σ,k) for an incoming particle with transform numbers σ, K. 4. A factor of
N(σ,k) for an outgoing particle with transform space numbers −σ − 3, K.
A symmetry factor
1 g where g is the order of the symmetry group of the diagram for operations that leave the external lines fixed An integral transform may be used to generalize momentum-space Feynman rules to
which follows from the delta-function identity
Then the Feynman propagator may expressed as
where m is the mass of the scalar field. The transform space, or dual space, rules for scalar field theory would be The factor f {σ} {K} , which is necessary to obtain equivalence between the integrals resulting from the configuration space and dual space rules, depends on the type of interaction being considered. For example, the box diagram ( Fig. 1 ) in λφ 3 /3! theory can be evaluated using either set of rules. Configuration space rules give while transform space rules give
Applying the formula (11) to equation (13) implies that vert.
In Euclidean space, this product would be 
which ensures momentum conservation at each vertex and for the external states in the scattering process.
The appearance of the factors f {σ} {K} for each vertex in the transform space rules is a general feature of quantum field theory in a curved space. They arise even for the hyperboloid H 4 , which has maximal symmetry. These factors depend on the type of interaction being considered because the number of eigenfunctions in each integral defining f {σ} {K} is equal to the number of lines at each vertex in the Feynman diagram. For a generic curved Riemannian space, an integral involving three or more eigenfunctions of the Laplacian would not reduce to a delta-function containing the transform space variables, whereas, in Euclidean space, the reduction, which is independent of the type of interaction, does occur and only implies the physically necessary constraint of momentum conservation.
The condition that must be obeyed by the eigenfunctions to obtain a delta-function is that they form a group under pointwise multiplication, as the number of eigenfunctions in the integral then can be reduced until the orthogonality relation (7) may be used. As this condition is satisfied by e ip·x , it is useful to consider generalized plane waves in curved spaces, and, specifically for H 4 , to clarify their connection with the eigenfunctions (5). Specifically, the Iwasawa decomposition of a semisimple Lie algebra is G = H ⊕ A ⊕ N where H is the maximal compact subalgebra, A is a maximal abelian subalgebra in the space spanned by the non-compact generators and N is a nilpotent subalgebra defined the positive roots of G. Given a point o chosen to be the origin in a Cartan symmetric space G/H, the fundamental horocycle is ξ 0 = N · o. All other horocycles may be expressed as
This representation is not unique; defining M to be the centralizer of A in H, h and h ′ give the same horocycles if they belong to the same coset in H/M, which is also known as the boundary of the symmetric space [5] .
The Fourier transform is given bỹ
where ρ = 1 2 α>0 dim G α , with G α being the vector space spanned by generators in G associated with the positive root α, and r(x, b) is the distance from the origin o to the horocycle passing through x with normal b. The inverse transform is
where A * is the space of functionals on A andĉ(λ) is a spectral function selecting only those values of λ corresponding to irreducible representations of G [6] . In the standard treatise on the Fourier transform on symmetric spaces [7] , the exponent ρ appears with a positive sign. However, the negative sign is also appropriate for H 4 , considering the eigenvalues of the d'Alembertian, mentioned immediately following equation (6) , and this is confirmed by the integral transform for H n−1 , where the contour of integration is − It can be shown, either group theoretically or geometrically [6] , that the distance from 
Since the null vectors on the cone are in one-to-one correspondence with points on S 3 , these functions can be expanded in terms of basis eigenfunctions on the spherẽ
The equivalence of the Fourier coefficients a K (λ) in equation (21) and a K (σ) defined just before equation (9) follows from an identity containing the associated Legendre functions
This relation reveals the plane-wave content in the configuration space and dual space rules based on the eigenfunctions Θ σ K (x). One may note further that the propagator for a massive scalar field [5] [8] may also be written as
so that the variable λ could be interpreted as the norm of the four-momentum with a shift in the zero-point of the squared-mass scale by − 9 4 a 2 , where a −1 is the radius of curvature of the hyperboloid, which is customarily set equal to 1. Analytic continuation to anti-de Sitter space is achieved by replacing λ by −iλ and a by ia.
Spectral Representation of the Propagator
In flat-space field theory, non-perturbative results about S-matrix elements can be obtained when the fields satisfy properties such as
Spectral assumption
The eigenvalues of P 0 , P 2 are non-negative.
U niqueness of vacuum
There exists a unique vacuum |0 such that P µ |0 = 0, U (Λ)|0 = |0 .
Because of the spectral assumption, the positive frequency commutator function can be
and the Lehmann representation for the propagator is ∆
The assumptions above can be generalized to H 4 , with Poincare invariance being replaced by SO(4,1) invariance for example. However, the spectrum, instead of starting at zero, begins at − 9 4 a 2 , so that the Lehmann representation [6] [7] becomes
Thus, the generalized plane wave decomposition of Green function can be used to provide a momentum-space Lehmann representation for Feynman propagators in anti-de Sitter space [6] , leading to a non-perturbative definition of the mass as a pole in the propagator [8] .
The Vertex Factor and Products of Generalized Plane Waves
Feynman rules may now be formulated in the configuration and dual space using the generalized plane wave decomposition of the scalar field.
Configuration space rules 1. To each vertex attach a factor −iλ and Consider, for example the product of two generalized plane waves
The point x can reached from the origin o by the action of a group element g x . Since
H acts transitively on the boundary B, there always exists an element h b ′ such that
It can be demonstrated that the following addition theorem is valid [7] .
As
x is the stability group of x. Ifh b ′ ∈ H is chosen appropriately,
These formulas could be used iteratively to simplify products of more than two generalized plane wave functions, and this would be necessary for the dual space rules to be useful in the evaluation of diagrams in perturbation theory. The Fourier transform (17) on H 4 and the inverse transform (18) lead to the following identitỹ
which implies an identity
that resembles the delta function relation (16) expressing momentum conservation. The concept of generalized plane waves in the hyperboloid H 4 and the momentum-space
Lehmann representation for the propagator in anti-de Sitter space rely on the general theory of the Fourier transform developed for locally symmetric spaces, for which there exist isometry-reversing geodesics at any point [5] . Since it follows that there are spacelike slices dividing these manifolds into two parts M + and M − and isometries such that
it has been noted that this is precisely the condition needed for reflection positivity [9] , which is a fundamental property of a quantum field theory requiring a positive-definite inner product in the Fock space.
Goldstone's Theorem in Anti-de Sitter Space
These techniques can also be applied to the proof of a theorem for anti-de Sitter space similar to Goldstone's theorem. The existence of Goldstone particles in de Sitter space has been studied previously [10] . The proof of this theorem begins with the charges 
where
and current conservation implies that
and D(q) contains δ(q 2 ), demonstrating the existence of dim G -dim H massless scalar particles where H is the stability group of 0|φ|0 = 0.
In anti-de Sitter space, the analytic continuation to H 4 can be used to obtain the Fourier representation
and since G acts transitively on the space of horospheres labelled by (ξ, λ),
Since the elements g ∈ SO(4) translate points on S 3 and leave λ invariant,
Since the expectation value of the commutator transforms covariantly under the action of the subgroup SO(4) of the isometry group H 4 , it follows that
Consequently,
, integration by parts can be used to show that
Replacing λ by −iλ for the analytic continuation to anti-de Sitter space and using current conservation implies that D(ξ, λ) contains δ(λ 2 − 9 4 ). The physical spectrum is given by a discrete series representation of SO (3, 2) with the eigenvalues of the Casimir operator equal to −ω 0 (ω 0 − 3), so that ω 0 = λ + 
is the lowest energy eigenvalue and s is the spin of the field, the Goldstone bosons correspond to the representation D(3, 0). A brief list of coordinate systems and eigenfunctions associated with a special choice of eigenvalue is now given.
Equivalence of Vacua in Different Coordinate
(i) Globally static coordinates
Since the curvature scalar is − 12 a 2 , the conformally invariant scalar field satisfies
The basis set of solutions are
The general solution will involve the combination A l f
and the choice of A l and B l correspond to the choice of vacuum state. Defining the scalar product in the space of solutions to be
finiteness of the norm at r=0 implies that B l = 0 because the second term in f These coordinates can be obtained by analytic continuation of globally static ccoordinates in de Sitter space after mapping a → −ia. The de Sitter solutions are
Since (φ ωlm ) leads to the same solutions after analytic continuation.
The propagator for a massive scalar field can also be continued from S 4 to anti-de Sitter space, and it has been noted that this is not equal to the direct mode sum in anti-de Sitter space, where the modes are subject to supersymmetric boundary conditions [11] . The latter propagator is the sum of a symmetric and an anti-symmetric combination of the analytically continued S 4 propagator and its antipodal counterpart.
It may be recalled that the basis soutions φ ωlm can be split into two groups, correspond- or D(2, 0), the two representations can be combined to give two irreducible representations with different parity assignments [12] .
where A and B are scalar and pseudo-scalar fields respectively. A study of the spin- 
The representations D(1, 0) + and D(1, 0) − can be related to the representations D( ) − by the supersymmetry transformation The analyticity properties of the Green function in de Sitter space [14] or Euclidean de
Sitter space, S 4 , lead to constraints on the parity, which explains the discrepancy between the anti-de Sitter propagator associated with supersymmetric boundary conditions and the propagator continued from S 4 .
(ii) Conformal mapping from the Einstein static universe z 0 = a sin t sec ρ z 1 = a tan ρ sin θcos φ z 2 = a tan ρ sin θsin φ z 3 = a tan ρ cos θ z 4 = a cos t sec ρ (49)
where ds 2 E is the line element for the Einstein static universe R 1 × S 3 . The solution to the conformally invariant scalar field equation can be can be found by a conformal mapping of the solution in the Einstein static universe [15] .
where N ωl is a normalization factor. A second set of solutions to the conformally invariant wave equation would contain (sin 2 ρ) 
covers half of the space, with ρ > 0. The other half is covered by choosing ρ < 0. The
has basis solutions
Note that φ k t ′ ,k y ,k z (t ′ , ρ ′ , y, z) contains a factor representing a plane wave in the three dimensional subspaces spanned by the coordinates (t ′ , y, z).
The mode solutions are associated with a choice of vacuum state for the scalar field, and it is of interest to determine whether the vacuum states are equivalent in the three coordinate systems for anti-de Sitter space. A mixing of positive and negative frequencies in the transformation between coordinate systems would change a vacuum state into one with non-zero particle number.
Since the time coordinate differs by a constant scaling factor for coordinate systems (i) and (ii), it follows trivially that the vacuum states in these coordinates are the same. To compare the vacuum states in coordinate systems (ii) and (iii), it is useful to expand the solutions in equation (55) in terms of the solutions in equation (51), with ω = ω 0 + 2j + l.
Since 1 2π 
Equivalence of the vacua in coordinates of the Einstein static universe (t, ρ, θ, φ) and the conformally flat coordinates (t ′ , ρ ′ , y, z) can be demonstrated more easily by showing that the domain of holomorphicity of e −iωt is mapped into the domain of holomorphicity of e
−iωt
′ . Let t = τ + iσ, −π ≤ τ < π, 0 ≤ σ < ∞. The time coordinate t ′ is given by
When
sinh σ(cosh σ sec 2 ρ + sin τ sec ρ tan ρ sin θ cos φ) (sin τ cosh σ sec ρ + tan ρ sin θ cos φ) 2 + cos 2 τ sinh 2 σ sec 2 ρ > 0
From equation (60), it follows that the domains of holomorphicity e −iωt and e
′ are mapped into each other and there is no mixing of positive and negative frequencies in the conformally flat coordinates. Thus, the vacuum state for the scalar field in all three coordinate systems will be equivalent.
Configuration and momentum space Feynman rules can again be formulated in these coordinates, and they closely resemble the flat-space Feynman rules as the eigenfunctions of the Laplacian contain three-dimensional plane waves, which give rise to delta functions representing conservation of momentum in the three dimensions. The factor vert. f {k} (vert.) is now determined by the integral of the product of Bessel functions.
Identities such as
reveal that the Bessel function integrals can be evaluated, although they no longer contain the delta functions associated with the orthogonality relations for two Bessel functions [16] . Thus, the vertex factor vert. f {k} (vert.) will give rise to extra non-trivial functions of the momenta which must be included in the momentum-space integrals.
Lehmann Representation for the Propagator in the Presence of a Second Source in H 4
For an interacting scalar field, the two-point function can be expressed in terms of the free-field Green functions
where ω 0± are the lowest eigenvalues of J 04 , the energy operator, and
The Green function G ω± (x, x ′ ) satisfies the equation
The curved-space delta functionδ(x, (
The solution to this equation is
For a conformally coupled massless scalar field with m 2 = −2a 2 , ω 0+ = 2 and ω 0− = 1, the Green function satisfying reflective boundary conditions is
and
and 
Applying the Klein-Gordon operator to the Green function (71) and requiring that it satisfy the equation (65) implies that
and thus the propagator in transform space is essentially unchanged from the one given in equation (23).
Curvature, Shifts in the Momentum and Ground State Contributions to the String Hamiltonian
The definition of momentum might also be considered within the context of the effect of curvature on the commutation relations for position and momentum operators [17] . If the momentum operators are defined so that they induce the change in geodesic coordinates
Assuming that a local coordinate system has been chosen so that Γ µ αβ (Q) = 0, derivatives of the geodesic equation imply that
The momentum operator which generates such a translation of the coordinate
which gives
after applying the operator to the plane wave e ik·x , whose use would be justified by the approximate flatness of the space-time outside the local region with curvature. The result depends on the choice of coordinate x ρ and the index ρ is not summed even though it occurs more than once in the formula (77). To obtain a directionally-averaged definition of the momentum, one may sum over ρ and divide by four to obtain the following result
For a constant curvature metric, such as the one that is used for anti-de Sitter space, the identity
is valid.
This shift in the momentum is a direct consequence of the introduction of curvature in the manifold.
The momentum operator acts differently on wave functions by shifting the argument, so that, for example, e −iα·P ψ(x) = ψ(x − α). This property would be shared by the fields X A representing the coordinates of a string moving in a target space. Choosing a fixed base point X A 0 and defining
K is given by
so that
where there is no sum over the index A. However, when squaring the momentum, a special way of summing over the first index of the curvature tensor and the index associated with 1 ∆X A will be used and it shall be divided by 4, to average over all of the directions.
with an implied summation over the indices A and H, or equivalently,
Viewing the coordinate fields as a collection of scalar fields, the zero-point of the squaredmass scale would be − 
This suggests a connection with the bosonic string. The Hamiltonian for the closed bosonic string [17] is given by
where α µ n andα µ n are the coefficients in the expansion of the target space coordinates X µ that satifsy standard operator commutation relations. After imposing the operator condition L 0 =L 0 and normal ordering, it follows that the sum can be assigned the value
Upon use of the vanishing of the vacuum expectation value of the operator product in the first sum, zeta-function regularization of the second sum, including the longitudinal and transverse components of the string oscillations, gives a ground state contribution of − 26 12 a 2 , after multiplying by the factor a 2 , which is dimensionally and numerically consistent with equation (87). Since the energy-momentum of the string might be expected to curve the space-time through which it propagates, it would be useful to establish the relation between scattering in a local region of constant curvature and string scattering.
The coincidence might be explained by viewing the collection of bosonic string coordinates {X µ } as part of a scalar string field Φ({X µ }). The reason for the inclusion of the longitudinal components remains to be determined, but it might be found within the context of off-shell computations in closed bosonic string field theory. Thus, although it is conceivable that the scattering of component fields should be considered in a curved local geometry, the ground state contribution to the string Hamiltonian appears to be compensated by the shift in K 2 + m 2 , indicating that the field-theoretic results might be included already in the entire string scattering calculations in flat space.
A calculation of more physical relevance is the scattering of the superstring in ten dimensions. For type II theories, the Hamiltonian is
where S 1a and S 2a are one-component Majorana-Weyl world-sheet spinors describing rightmoving and left-moving degrees of freedom [18] . Expanding (R)
The Virasoro operators are
The normal ordering constant from the physical bosonic coordinate is 1 24 [ǫ
], while the normal ordering constant from a half-integrally moded fermionic coordinate is , and even the generator J µ4 , µ = 0, 1, 2, 3, which does not form a commutative subalgebra but does have the property that it is conserved along the particle's worldline. The last expression for the momentum is
for a particle of mass m [22] , and the square is
In contrast to the other definitions of momentum, these quantities do not represent dual space variables with respect to position coordinates and therefore cannot be used directly in the calculation of loop diagrams and renormalized energy-momentum tensors. From the calculations of the shifts in the squared momentum and squared mass in anti-de Sitter space, relations between the different definitions of the momenta have been deduced. It would be of interest to determine whether these connections are maintained for general curved spaces. The conclusions may be relevant for recent work in curved space quantum field theory regarding the improved calculation of propagators [23] for fields of spin 0, 1 2 and 1, which may be useful for determining particle-production rates, and localized renomalization theory [24] . This decomposition can be used to define generalized plane waves or horocycles in X.
Consider a point o, whose stability subroup is H, to be the origin of X. The simplest horocycle is the orbit ξ 0 = N · o. All horocycles in X can be written as
since aN a −1 ⊂ N , and therefore,
Every horocycle may be written in the form ξ = ha · ξ 0 where ξ 0 is the fundamental horocycle.
Since a is an element of a group, it can be expressed as exp r where r ∈ A represents the distance from the origin to the horocycle ξ. However, a horocycle is not specified by a particular choice of h and a. In fact, if we define the centalizer of A in H by M = {h ∈ H|Ad(h)a = a f or all a ∈ A}, then h and h ′ give the same horocycle if they belong to the same coset
since M stabilizes AN . Finally, defining the boundary of the symmetric space to be B = H/M , only one horocycle passes through x ∈ X with normal b ∈ B.
Although this formalism cannot be adapted to anti-de Sitter space, SO(3,2)/SO(3,1), with a non-compact stability group, H 4 = SO(4, 1)/SO(4) is a Cartan symmetric space.
Results obtained in H 4 may then be analytically continued back to anti-de Sitter space, by analogy with a Wick rotation from a Euclidean field theory to a Lorentzian field theory.
Since the Lie algebra so(p,q) is given by
Since G = so(4, 1), K = so(4) and so(4, 1) = so(4) + P and the maximum abelian subalgebra A in P is 
from the commutation relations of P with an arbitrary element of the Lie algebra G, it can be shown that the roots {α} assume the values 1 or −1. The decomposition of the so (4,1) is then 
The general element of the nilpotent group is given by
Since H rotates the first four coordinates, the point o = (0, 0, 0, 0, 1) is chosen to be the origin and the fundamental horocycle is given by
To determine the distance from the origin to the horocycle passing through x with normal 
has solutions n i = −(h −1 · x) i and
This distance is independent of (h −1 · x) i , i = 1, 2, 3 as the rotation of these three coordinates corresponds to the SO(3) subgroup M which stabilizes A. Indeed, since A = J 04 , M is generated by J 12 , J 13 , J 23 since these are the only compact generators which commute with J 04 . Consequently, the boundary is B=SO(4)/SO(3).
The group-theoretical definition of horocycles, or equivalently horospheres, agrees with the geometric one. The geometric definition is given as follows: consider a point x 0 in H 4 and draw all geodesics through it. A sphere of radius r with center at x 0 is the set of points which are a distance r from x 0 on the geodesics, {exp rX|X ∈ T x 0 (M )}. A horosphere is a sphere with center at infinity that still passes through a specified point in H 4 .
Lobachevskii The equivalence between these two definitions is analogous to the equality in Euclidean space between the distance from the origin o to the hyperplane passing through x with normal w and the distance from x to the hyperplane through the origin (z, w) = 0 (Fig.   3) . functions on the manifold X = G/K, it is preferable to consider the action of the Dirac operator on the space of sections of bundles on X, which can also be used to obtain a decomposition of higher-spin fields analogous to the generalized plane wave expansion of scalar fields.
